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SUMMARY

Many problems of applied oceanography and envirenmental science demand the solution of the momentum,
mass and energy equations on physical domains having curving coastlines. Finite-difference calculations
representing the boundary as a step function may give inaccurate results near the coastline where simulation
results are of greatest interest for numerous applications. This suggests the use of methods which are
capable of handling the problem of boundary curvature.

This paper presents computational results for the shallow water equations on a circular ring of constant
depth, employing the concept of boundary fitted grids (BFG) for an accurate representation of the boundary.
All calculations are performed on a rectangle in the transformed plane using a mesh with square grid
spacing. Comparisons of the simulations of transient normal mode oscillations and analytic solutions
are shown, demonstrating that this technique yields accurate results in situations (provided that there is a
reasonable choice of grid) involving a curved boundary. The software developed allows application to any
two-dimensional arca, regardless of the complexity of the geometry.

Simulation runs were made with two co-ordinate systems. For the first system. the grid point distribution
wits obtained from polar co-ordinates. For the second one. grid point positions were calculated numerically,
solving Poisson’s equation. It was found that small vanations in the metric cocfficients do not deteriorate
the accuracy of the simulation results.

Morcover, comparisons of surface elevation and velocity components at grid points near the inner and
outer radii obtained from an x—y Cartesian grid model with the BFG simulation were made. The former
model produced inacccuracies at grid points near boundaries, and, owing to the large number of mesh points
used to vield the necessary fine resolution, the computation time was found 1o be a factor of three higher.

KEY woORrDS Shallow Water Equations Boundary Fitted Grids Comparison of Boundary Fitted Grid Model
with «~y Cartesian Grid Model  Annular Ring Solutions

INTRODUCTION

Many probiems of mathematical physics demand the solution of partial differential equations.
In most cases analytic solutions cannot be obtained; thus one has to resort to numerical solutions.
Very often the numerical solution of a problem is aggravated not only by complex physical
processes but aiso by the irregularity of the solution domain. The present paper is concerned
with solutions of the shallow water equations (SWE) which describe the free surface and velocity
field of a liquid subjected to the gravity field of the earth. The equations serve as an example
of the Navier-Stokes equations, which are the basic equations for solving the flow field in tidal
rivers, bays and estuaries, and also in atmospheric models.

In recent years numerous simulation models have been applied to problems in oceanography
and environmental science, especially to the modelling of pollution in waters and the atmosphere.
Many of these problems involve the incorporation of curving coastlines, islands or complicated
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bottom topography while the solution is most needed near the boundaries (e.g. storm surge
modelling, modelling of thermal plumes in tidal rivers, harbour modelling ctc.). In particuiar,
when the flow field and pollutant dispersal in harbour areas are simulated (e.g. the harbours of
Bremen or Hamburg), methods are necessary to efficiently describe these complicated regions
without the use of an excessive number of grid points, which is demanded by Cartesian models.

Another important group of problems requiring curved boundaries are free surface problems,
including the breaking of waves.

The long used technique of approximating boundaries in a step fashion is not adequate for
these problems,! and simulation models should be improved to reflect the advances in numerical
grid generation. This technique becomes even more important for three-dimensional problems
of irregular geometry.

During the last decade substantial progress has been made in the solution of PDEs for curved
boundaries, mainly due to the introduction of finite element methods,>”® the irregular grid
finite-difference techniques by Thacker”® and the use of transformation methods, in particular
the work of Thompson et al.°"'? Using Thompson's method, where the solution domain is
mapped onto a rectangle in the computational plane, the curvilinear co-ordinate system is
constructed by elliptic differential operators (a Poisson equation is used for each curvilinear
co-ordinate where the right-hand side of the equation is used for grid line control).'* All calcula-
tions are performed in the transformed piane. Since the solution area in this plane is a rectangle,
the probiem is reduced to the solution of the transformed equations on this rectangle, which is
an advantage in comparison to the original problem, and substantially facilitates the computer
programming. The metric coefficients, needed for the transformed equations, are calculated
numerically from the resulting grid point distribution. This distribution can be obtained, for
instance, from Thompson’s TOMCAT code or from the improved version, WESCOR by
Johnson and Thompson'* where a multi-connected region is mapped onto a multi-connected
region.

If, however, the solution area is very complex the mapping on a single rectangle often does
not yield the desired grid line configuration; for instance if flow past a cylinder (2D) is considered,
the mapping of the boundary of the doubly-connected solution area on the boundary of a single
rectangle cannot result in a gridline pattern which resembles the pattern of the streamlines. The
important idea for the solution of these problems is the use of composite grids, as implemented
in the code of Coleman.!> The domain of interest is subdivided into a set of connected charts
{also called segments), which cover the physical area, forming a so-called atlas. Each chart then
is mapped onto a rectangle (2D} or onto a box (3D). A 2D example is given in Figure 1.

Either of the above mentioned codes can be used for the solution of the shallow water equations
on an annular sheet of water bounded by concentric circles. For this problem an analytic solution
exists, and the influence of slightly varying metric coeflicients on the solution can be investigated.
So far not much attention has been given to the numerical errors induced by the co-ordinate
system and the transformation itself, since variable coefficients occur in the transformed equations.
Two recently published papers by Mastin!® and Kerlick and Kloper'” deal with this subject.

The numerical solution involves two spatially staggered grids, one for the velocity components
and the other for the surface elevation. Computations are initialized to normal modes of the
basin and carried forward for a time approximately equal to fifty cycles of the normal mode.

The subject of this paper is not grid generation, rather it is assumed that all metric coeflicients,
which occur in the transformed SWEs are known at each grid point. The emphasis of this
presentation is on the solution of the transformed SWEs on complex solution domains, using
a specified grid point distribution. Although the example presented is for an annular ring, the
generation of the computational grid for more complicated geometries, as in Figure 1, does not
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Figure 1. This plot shows that much more complicated areas than the annular ring can be handled by boundary conformed
co-ordinate systems. The solution domain shown is a part of the Hamburg Harbour area. The grid line distribution was
generated using Coleman’s idea of segmentation,* * demonstrating the capability of modelling regions with many segments.
The solution domain is subdivided into a set of contiguous segments which are mapped onto rectangles. The transformed
PDEs arc then solved on these rectangles. Local refinement of the grid is easily possible on each segment

pose any problem. If non-adaptive grids are used, grid generation and solution of governing
equations are completely decoupled.

SHALLOW WATER EQUATIONS

We start with the linearized SWEs, that is, we assume small oscillations, i.e. h « H (see Figure 2).

du ok
Yags —fo=0, 1)
ot X
oo oh
}.{,}"*‘gay'*'f“—oa (2)
w8
e im0, 3)
o't [AR 4 oy

where u and v have the dimensions of velocity, f denotes the Coriolis force and H is the
constant still water depth (D = H).

The above equations describe linear long waves in an inviscid rotating ocean. The Coriolis
force is of the form f x u where f points in the direction of the axis of rotation. Equations (1)--(3)
are solved for an annular sheet of water bounded by concentric circles. This problem has an
analytic solution.!® For the concentric circles to represent solid walls, it is required that
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Figure 2. Co-ordinate system: h = surface elevation, D = water depth, H = still water depth

components of the velocity normal to these walls vanish. For the analytic solution harmenic time
dependence is assumed. [n the following u, v and h depend only on spatial co-ordinates 7, # but may
be complex quantities. The final solution is obtained by multiplication with exp(iw?) and taking the
real part. For harmonic time dependence, the spatial part of the SWEs takes the form

7 ch ‘ y 16h . .
= el 2 (Dr(m) costl + fsinf)— . @(uu sin?— f cos G)), (4)
g ch . . ) 1éh .
| — . 5 § 5
t mz——fl(ar(lmsmg f cosHH—rm(1c1)c090+f51n0) . (5)

*h 18h 13 gﬂwfzh:

L 0. 6
ar T rar et gH (©)

For f equal to zero, we have 8h/0r = 0 (sce equation (20}} and hence contour lines for surface
elevation must be perpendicular to the boundaries. Using a separation ansatz in the spatial
co-ordinates, h = R(r}®{#), the solution of (6) is described by (the most general solution would
be a linear combination of Bessel and Neumann functions, but Neumann functions can be avoided,
see below)

hir,0,1) = hyJ (kr)cos{wt + né). (7)

Rotating the co-ordinate system by an angle 8, and using equations (4) and (5), the normal
velocity component u; is computed. The vanishing of this component leads to a condition for k, and
when the solution for h, equation (7), is inserted, the boundary condition takes the form

btk + 2 1 ) =0, ®

where k,r.{m=1,2,.. ) denote the set of values satisfying the boundary condition, r_ is the radius
of the inner or outer circle, and prime denotes differentiation with respect to the product kr.
Insertion of the Bessel function of order n, J,, into equation (6) leads to the well known dispersion
relation:

w? =gHlk* + f2. (9)

The integers #, m identify the normal mode where n is the number of radial nodes (ie.
nodes or zeros along a given value r = constant} and m describes the number of concentric circles
where (i.e. in the radial direction) the elevation is zero. For f =0, one simply has the boundary
condition J,(kr)=0.
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We choose &, =1 and r,=r, (inner radius). r,=r, (outer radius) such that equation (8) is
satisfied. The dispersion relation then determines the frequency. With this choice for the
description of the radial dependence, R(r). Neumann functions are not necessary. Only forn=0or
f =0 is the solution described by standing waves. For arbitrary f, the solution is described by
progressive waves, (75

TRANSFORMATION OF THF SHALLOW WATER EQUATIONS TO
CURVILINEAR CO-ORDINATE SYSTEMS

Since the irregulariy shaped solution area in the physical plane (x. v) is mapped onto a rectangle
in the transformed plane (5.4 the governing equations must be transformed too. In general,
the transformed equations have vanable coefficients, but the solution area has been reduced to
a rectangle, spunned by an equidistant mesh, The solution of the transformed equations on a
reclangle, however, is much easier than the original problem. Boundary conditions have also to
be transformed.

Transforming first derivatives, one can obtain a non-conservative or conservative form. It was
found that a conservative form leads to targer numerical errorifsecond derivatives are numerically
not interchungeable (see Figure 8). Hence the non-conservative form was used for our calculations:

il

1
\ Cthyye hor {1
VY )

1
L= v thx, —h,x;) (1
3

=
I

Using equations (10)- and (F1} the transformed SWEs read

¥ I
b ey, — Heax, + Heyx, — i v = 0, (12)
oy
CluH H
f'“,t——! + Uﬁf{lif_;.'” ~hy)— frtH=0, (13
ot e h '
f(cH H
L(—l(} + 'EL; (hyx: —h.x,}+ fuH =0, (14)
't VY N N ’

where (/y Is the square root of the determinant of the metric tensor (not to be confused with ¢
which is the acceleration due to the earth is gravity) Recalling the definition of the metric
coeflicients for co-ordinates ™ = ¥™(&/),

dx™dx™ )
£Ifk=7'“;;7~ (15}

we find the relationship between the metric cocfficients ¢, and the partial derivatives dx™/d&®,
In our case, we obtain

> 2 el bl

i =X:+ ¥ g =x, + ¥,

- n n (]6]

gra=ga = NN+ Ny

For the example ol the annular ring (polar co-ordinates), the metric coelficients can be
determined anaiytically, that is

g =1 gia=¢g, =0 g=r \,-"I.‘J':"- (17)
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On the boundary, we separate the velocity into tangential and normal components:

-

cu.

4 - 18
ﬁt »n —Jui= (1)
wp  oh
’a‘:‘ +gf— + fu,=0. (19)

As u, = 0, we obtain from equations (18} and (19)

g(;—ﬁ—fu,:O, (20)
Ph (?u,-
et @h

Equation (21) determines the tangential velocity, whereas equation (18} could be used to compute
the surface elevation h at the boundary. Since in the discrete approximation no f-grid points
lie on solid boundaries, this expression i1s not needed. Negilecting the Coriolis force, equation
(20) shows that all contour lines for h must be perpendicular to solid boundaries.

If the boundary of the solution area is described by a curve in parameter representation (e.g.
splhine), r ={x(q}, W(¢)), where g is the curve parameter, we find for the unit tangent vector

t=(x? + y?) V4%, §) = — sin @, cos @) (22)

where the dot denotes differentiation with respect to g. Hence we have

. X
VIE RN )
CoOs @ = + ; (23)
\/(x-2 + }',2

As we are interested only in the Cartesian velocity components 4 and », the tangential velocity,
(19), is separated with respect to these components;

fu  &h v ch
— _y—sing =0 =2 0. 4
a IS Th g tegcse= (@4)
Using the relation
ch ch ch
i ——smqoa +cosgoa} (25}
results in the following equations for boundary points;
Cu + g sin | sin Ch cos ﬁh =0
Ju . Ch oh (26)
—gcoso|sing——cosop— |=0.
et ax ay

For the transformation of equations (26) onto the computational plane the non-conservative
form of the first derivatives (10), is used. Inserting these expressions into equation (26), gives the
final form of the equations valid for the upper and lower sides of the rectangle (in this simple
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geometry), which form the solid boundary in the transformed plane:

du  gsineg )
B i ——1{ +sin @(h,y, — vy} — cos plhx; — hyx,) } =0,
T v
ce - 27)
= @{ —sin@ih.y, — h,ye) +cos @lhx, — hx, )} =0.

ot
Let N and M be the number of points in £ and # directions, respectively, then the transformed
velocity equations (13) and (14) are valid for &= I{1)N; n=2(1}M — | (for the ring geometry)
whereas the equation for the surface elevation holds for all grid points. The equations derived
from the boundary conditions, (22), hold for £ = 1(1)N: n = I. M. Since we have an equidistant
mesh in the transformed plane with grid spacings AZ = An = 1, the ranges of the co-ordinates ¢
and 5 correspend to the number of grid points in each direction. No physical boundary conditions
are specified along the re-entrant boundaries (resulting from the two sides of a branch cut and
thus not physical boundaries) which form the left and right sides of the rectangle in the transformed
plane. Rather we have the following correspondence between re-entrant grid points (periodic
boundary conditions). values on £ =N correspond to those on £=1 and values on &=0
correspond to thoseon E =N — 1.

NUMERICAL SCHEME FOR THE TRANSFORMED SHALLOW
WATER EQUATIONS

For the numerical solution of the system of coupled equations, (12)-(14), two staggered meshes
are used; one for the components u, ¢ and the other for h. The meshes are chosen such that
velocity components are calculated on the boundary. No calculations have been performed
where all three variables are computed at the same grid points. The staggered grids are depicted
in Figure 3. The vertices at the squares are taken as grid points for u and v, marked by crosses,
whereas the dots at the centres of the squares represent grid points for h. This grid is advantageous
for strong Coriolis forces but allows decoupling'® because interpolation is necessary to determine
fluxes across cell sides. In general a marker-and-cell (MAC) type grid should be preferred?®
with surface elevation defined at the cell centre and velocities defined at mid-points of cell sides.
Since for this paper several examples with Coriolis coefficients were calculated, the MAC type
grid was not used. No accuracy problems were observed with our staggered grid for the present
calculations.

Since the metric coefficients must be known at cach vertex of a solid or dashed grid line, it
is necessary that the boundary fitted grid, representing this feature, has 2N — 1) x (2M — 1) grid

n
‘ # solid boundary
“ ] t T [] [l [] [} 1
L
Fbef-bop-t #4444 41/ reentrant boundary
R i {114+ from branch cut
: T
2 i T T
S N R R
273 eolid boundary N *

Figure 3. Crosses denote grid points for &, r and dots indicate those for A
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1. I
i=11-1 L 1 t+1 1]

Figure 4. u, £ and & have to be interpolated at paints denoted by open circles

L4

points. In Figure 4 the two sets of indices [or the staggered grids are shown, where i, j denote
positions for u, » und 1. J denote those of /1.

In order to satisfy the zero normal Now condition for solid walls. the w and ¢ grid points are
placed on the lower and upper boundaries (Figure 3),

For the numerical solution the resulting mathematical system of weikly coupled, ordinary
dilferential equations is integrated in time by Euler’s method (or by some Runge-Kutla scheme?')
limiting the time step by the phase velocity ((g#). Il additional transport cquations must be
solved. flux correction techniques for general curvilinear co-ordinates could be used.

The discretived equations take the form

i} 1
iif*!; - i +.\'qr.,f|.(“H)f- 1.;*'“”)..11*—\'n:.J[[l"H).'H.J_“'H)f.J]
ot (G
+ xELJ[[U“')l.j+1 —(vH), ;] - _\';;r..fl."“H)r.ju 1 ("Hh.,j] s (28)
SuH, ; gH;
(qf—“'! = - ( ’;g)_f_ vl = 1 =valhy ha i+ He), (29)
: A" L2}
HoH), yH; : .
{ - - = J; byl —h o =gl by 1) — (fHu, ;. (30)
ot 1\-' !l)i.j

For the boundary conditions onc obtains

Mutl),;  glHsing)

S esin gy Ay Dy — By Ve [y — by
(—11‘ |\§I),, ! + sin (01.1'.!' m.][ 1!.} 1y 1._;] . \,l..,’l Tis 1.4 1]]
+cos @ fxp [y — by = xg =t 1D (31)
cled); g(Hcosop) ; .
M. T T T I P P e A ey P
(--.r (\f{g)i.’; i sin (pl‘j( }n:.;[Tf,j ,l |41J J'N_.][J.J LI l])
+cos ¢l — Xl — oo T+ gl — Ry o) ] - {32)

From equations (28) (32) it is scen that w. v and h values are needed at locations which are not
grid points. For the continuity equation. velocity values are nceded at points i+ LJ L Jo Lj+ 1
and I, j. These values are obtained from lincar interpolation m the transformed plane (in a general
meodel this interpolation should be replaced by a weighted interpolation with the respective square
roots of the metric coefficients):

1 Lo 14, .
“E+1J_i(“i+1.j+ui'1.i-l)' Ppior =3l iy g e ) (33)
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Since the partial derivatives x,, x,, ¥, ¥, and /g are known on the fine grid {formed by both
dashed and solid lines, see Figure 3), no interpolation is necessary for these terms, As H is a
known function of x and y, all value of H can be calculated on the finc grid, prior to the
beginning of the numerical calculations. For the momentum cquations values for h are needed
at points I,j; I —1,j; i,j and i,J — 1. Again lincar interpolation is used. For solid boundaries,
values for b are not needed. since a staggered grid and an explicit time integration scheme for
the surface clevation are used.

Let k [ denote the indices of a quantity on the fine grid {dimension 2N — 1 x 2M — 1), the
relation between the indices of the staggered grids and those of the fine mesh are given by

k=21 =21 k=2i-1 I=2-1 (34)

If, for example, (¥,); . ; s has to be determined for the continuity equation, the element (y,)y;4 1,25
of the fine grid is used. Furthermore, becausc of the re-entrant boundaries, fictitious grid points
for elevation h are needed for I=0and I = N.

NUMERICAL RESULTS FOR NORMAL MODE SIMULATIONS

Numerical results for constant still water depth H are depicted in Figures 5 8. For actual compu-
tations, the finite difference scheme of the previous section with the non-conservative discretization
for the first derivative was used. Comparisons of the non-conservative and conservative schemes
showed that the latter gave rise to an oscillatory numerical error, which was substantially larger
than the one ohtained from the non-conservative scheme (Figure 8). When the conservative
scheme is employed in the case of a plane surface (h = constant), the time derivative for, e.g., u,
is different from zero, owing to the cxistence of the term {gH,-"\.-"g)h{(_v,,]g — (¥:),), because second
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Figure 5. Figures (a)-(e) show a comparison between analytic and numerical solutions of surface elevation for modes n =0

to n =4 at grid point { = 1, J = L2, Since higher modes (increasing n) exhibit more structure. the number of grid points per
wavelength is reduced, and hence deviations from the analytic solution occur at earlier times
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